Introduction {#Sec1}
============

In \[[@CR19]\], we introduced the TDNNS method for treating the problem of linear elasticity. The TDNNS method is a finite element method that uses tangential-continuous elements for the displacements and symmetric normal-normal continuous finite elements for the stresses. We showed that the TDNNS method is capable of overcoming shear locking \[[@CR20]\] and volume locking \[[@CR22]\].

However, the TDNNS method is slightly nonconforming, as the stress finite elements are not in the infinite-dimensional distributional space $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{{\mathbf {H}}}}({\text {div}}\,\mathbf {{div}})$$\end{document}$, which was introduced in \[[@CR19]\]. The analysis of TDNNS finite elements provided in our former work \[[@CR19], [@CR20]\] is based on discrete, broken norms rather than the natural norms of the infinite-dimensional spaces $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{{\mathbf {H}}}}({\text {div}}\,\mathbf {{div}})$$\end{document}$. In the present paper, we want to provide an analysis based on the natural norms of the Sobolev spaces. This analysis takes the fact that the stress space is nonconforming into account, and leads to optimal order a-priori error estimates.

The necessity of this new framework becomes evident in the analysis of problems in structural mechanics. In \[[@CR21]\], the authors use the new technique to analyze the Reissner--Mindlin plate problem. There, we present finite elements based on the TDNNS formulation, which can be seen as an extension of the Hellan--Herrmann--Johnson formulation \[[@CR9], [@CR10], [@CR13]\] to moderately thick plates. In the Reissner--Mindlin plate problem, the unknowns are the deflection and the rotation of the cross-section. As the plate approaches the limit of zero thickness, the rotation tends to the gradient of the deflection. One speaks of the *Kirchhoff constraint*, which leads to locking if the gradient of the deflection is not contained in the rotation space. However, this inclusion is satisfied (also for the discrete spaces) if one searches for the deflection in $\documentclass[12pt]{minimal}
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                \begin{document}$$H(\mathbf {curl})$$\end{document}$. Compared to the TDNNS formulation, the rotation takes the role of the displacement, while the symmetric stress tensor in $\documentclass[12pt]{minimal}
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                \begin{document}$$H({\text {div}}\,{\text {div}})$$\end{document}$ is replaced by the tensor of bending and twisting moments.

Notation {#Sec2}
--------

We shortly present the notation used throughout the paper: Vectors shall be denoted as boldface (e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {u}}$$\end{document}$), while tensors are boldface and underlined (e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{\varvec{\sigma }}$$\end{document}$). On the boundary of some domain *A*, we use the outer normal vector $\documentclass[12pt]{minimal}
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                \begin{document}$$u_n = {\mathbf {u}}\cdot {\mathbf {n}}$$\end{document}$ is the normal component, and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {u}}_{{\mathbf {t}}}= {\mathbf {u}}- u_n {\mathbf {n}}$$\end{document}$ is the tangential component. For a tensor field $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\sigma }_{{\mathbf {n}}} = \underline{\varvec{\sigma }}{\mathbf {n}}$$\end{document}$ be the normal component, which is further split into its normal-normal component $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{nn} = (\underline{\varvec{\sigma }}{\mathbf {n}}) \cdot {\mathbf {n}}$$\end{document}$ and its normal-tangential component $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\sigma }_{{\mathbf {n}}{{\mathbf {t}}}} = \varvec{\sigma }_{\mathbf {n}}- \sigma _{nn} {\mathbf {n}}$$\end{document}$.

Gradient, curl and divergence operators $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {curl}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {div}}$$\end{document}$ operators are defined in the usual way. The gradient $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{\nabla }$$\end{document}$ of a vector field is a tensor containing in each row the gradient of the corresponding vector component. The divergence $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {{div}}$$\end{document}$ of a tensor field is a vector, where each component is the divergence of the corresponding row of the tensor.

On some domain *A*, we use the Lebesgue space $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(A)$$\end{document}$ and the standard Sobolev space $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1(A)$$\end{document}$ of weakly differentiable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2$$\end{document}$ functions with gradient in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(A)$$\end{document}$. To indicate vector or tensor valued spaces, we use $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{{\mathbf {L}}}}^2(A), {\underline{{\mathbf {H}}}}^1(A)$$\end{document}$, respectively. The space of tensor-valued symmetric functions with components in $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{{\mathbf {L}}}}^2_{sym}(A)$$\end{document}$. The space of smooth functions on the closure $\documentclass[12pt]{minimal}
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                \begin{document}$$C^\infty _{0,{\varGamma }}({\bar{A}})$$\end{document}$ is the subspace where all derivatives vanish on the boundary part $\documentclass[12pt]{minimal}
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                \begin{document}$${\varOmega }$$\end{document}$ is concerned, it may be omitted, writing e.g. $\documentclass[12pt]{minimal}
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On the boundary of a domain we use differential operators and spaces as introduced in the work of Buffa and Ciarlet \[[@CR5], [@CR6]\]. For the exact definitions, we refer to their work. We will mostly need the rather well-known trace space $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{1/2}(\partial A)$$\end{document}$ and the spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{1/2}({\varGamma }), H^{1/2}_{00}({\varGamma })$$\end{document}$ on a part $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varGamma }$$\end{document}$ of the boundary, where the latter can be extended by zero to the whole boundary space $\documentclass[12pt]{minimal}
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Problem geometry {#Sec3}
----------------

Throughout the paper, we assume the domain of interest $\documentclass[12pt]{minimal}
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                \begin{document}$${\varOmega } \subset {\mathbb {R}}^3$$\end{document}$ to be a bounded, connected, polyhedral domain with Lipschitz boundary $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial {\varOmega }$$\end{document}$. Note that all results can directly be transferred to the two-dimensional case.

The (closed) polygonal faces of the polyhedral domain $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }_N = \partial {\varOmega } \backslash \mathrm {int}({\varGamma }_D)$$\end{document}$. The boundary part $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }_D$$\end{document}$, where the displacement will be prescribed (Dirichlet boundary condition), shall be non-trivial, whereas the boundary part $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }_N$$\end{document}$, where surface tractions are given (Neumann boundary condition), may vanish.
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Linear elasticity {#Sec4}
-----------------
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                \begin{document}$${\mathbf {u}}: {\varOmega } \rightarrow {\mathbb {R}}^3$$\end{document}$ be the displacement vector. In linear elasticity, we use the linearized strain tensor$$\documentclass[12pt]{minimal}
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We assume that all boundary conditions are prescribed on the boundary parts $\documentclass[12pt]{minimal}
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Motivation of the TDNNS method {#Sec5}
------------------------------

Two different variational formulations are widely known for the partial differential equations ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}). Most standard finite element methods rely on a primal formulation, where the stress tensor $\documentclass[12pt]{minimal}
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The TDNNS formulation is in between the primal and the dual concept. We want to design a formulation, where the tangential component $\documentclass[12pt]{minimal}
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Below, we formally write the variational formulation. It is of the standard mixed form treated in \[[@CR4]\]. We use the stress space $\documentclass[12pt]{minimal}
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The variational formulation of the TDNNS method {#Sec6}
===============================================

We shall specify the spaces, in which the variational formulation ([11](#Equ11){ref-type=""})--([12](#Equ12){ref-type=""}) is posed. While the displacement space is well-known, the stress space was introduced in \[[@CR19]\] and shall be analysed in detail in this work.
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----------------------------------------------------------------------------------
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### Theorem 1 {#FPar1}
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An essential tool in the analysis of the TDNNS formulation is the *regular decomposition*. Decompositions satisfying homogeneous Dirichlet or Neumann boundary conditions have been shown by \[[@CR18]\] and \[[@CR11]\], respectively. The case of mixed boundary conditions can be found in \[[@CR12]\].
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We still need to specify the stress space. Roughly, it is a subspace of $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar3}
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Analysis of the TDNNS problem {#Sec9}
=============================
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Boundary conditions {#Sec10}
-------------------
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Stability of bilinear forms {#Sec11}
---------------------------
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### Lemma 1 {#FPar7}
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Next, we treat boundedness of the bilinear form $\documentclass[12pt]{minimal}
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### Lemma 2 {#FPar9}
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Finite element spaces and their norms {#Sec12}
=====================================
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Discrete stress norm {#Sec13}
--------------------
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Interpolation operators {#Sec15}
=======================
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The following interpolation error estimates are well known:
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### Theorem 6 {#FPar14}
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An interpolation operator for the stress space {#Sec17}
----------------------------------------------
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We define six constant tensor fields on the reference tetrahedron, which are linearly independent and span the space of constant symmetric tensor fields. Four of these tensors are associated to a face of the tetrahedron, each. They are denoted by $\documentclass[12pt]{minimal}
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### Lemma 4 {#FPar15}
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### Proof {#FPar16}
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### Theorem 7 {#FPar17}
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Analysis of the finite element problem {#Sec18}
======================================

A crucial tool for the analysis of the finite element problem is a discrete version of the regular decomposition from Theorem [2](#FPar2){ref-type="sec"}. The following discrete decomposition can be deduced directly from the regular decomposition, see \[[@CR14]\] for the case of $\documentclass[12pt]{minimal}
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Lemma 5 {#FPar19}
-------

For a finite element vector field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {v}}_h \in {\mathbf {V}}_h$$\end{document}$, there exists a decomposition$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbf {v}}_h = {\mathcal {I}}_{{\mathbf {V}}}{\mathbf {z}}+ \nabla p_h, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {z}}\in {{\mathbf {H}}}^1_{0,{\varGamma }_D}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {curl}{\mathbf {z}}= \mathbf {curl}{\mathbf {v}}_h$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_h \in W_h$$\end{document}$. The respective parts can be bounded by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert p_h\Vert _{H^1} \le c \Vert {\mathbf {v}}_h\Vert _{{{\mathbf {L}}}^2} \qquad \text{ and } \qquad \Vert {\mathbf {z}}\Vert _{{{\mathbf {H}}}^1} \le c \Vert {\mathbf {v}}_h\Vert _{{{\mathbf {H}}}(\mathbf {curl})}, \end{aligned}$$\end{document}$$with a generic constant *c*.

Continuity of the finite element problem {#Sec19}
----------------------------------------

We are concerned with continuity of the bilinear forms with respect to the discrete norm $\documentclass[12pt]{minimal}
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### Lemma 6 {#FPar20}
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Stability of the finite element problem {#Sec20}
---------------------------------------

According to \[[@CR4]\], we need to provide stability of the bilinear forms with respect to the discrete norms, i.e. we need to show discrete kernel-coercivity of $\documentclass[12pt]{minimal}
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### Lemma 7 {#FPar22}
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### Lemma 8 {#FPar24}
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### Proof {#FPar25}

The proof is very similar to the one of Lemma [3](#FPar11){ref-type="sec"} in the infinite dimensional setting. Nevertheless, we provide it in detail here.
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Error estimates {#Sec21}
---------------

Since the finite element method is slightly nonconforming, $\documentclass[12pt]{minimal}
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### Theorem 8 {#FPar26}
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### Proof {#FPar27}
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